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Summary

We present the analytical solution of the equations of gas diffusion in a heterogeneous
zeolite bed. The problem is handled by assuming that the bed consists of a large number of very
thin layers of solid, perpendicular to the direction of propagation of the gas. Mass transfer by
diffusion in such a material is determined by a system of differential equations with boundary
and interface conditions. The results allow the theoretical determination of the time dependence
of the concentration profiles and the inter- and intra-crystallite diffusion coefficients of a gas in
each layer of the bed. A numerical application concerns the diffusion of benzene in a cylindrical
bed of ZSM5 displaced vertically and rapidly, step by step, inside the NMR probe. Thus we can
obtain the time dependence of the concentration of gas absorbed at the level of each slice. These
coupled investigations give a better understanding of the diffusion process in this multilayer
material.

Introduction.

Mathematical modeling of mass transfer by diffusion in zeolite beds or other solids and
the methods for finding the analytical solutions have been extensively studied by several authors
[1-19]. Molecular transport in a bed of zeolite involves two processes: diffusion in the
macropores formed by the space between the crystallites (intercrystallite diffusion) and diffusion
in the micropores within the crystallites (intracrystallite diffusion). To determine the contribution
of each of these processes to the overall diffusion process, one has to know the values of certain
parameters, such as the pressure in the gas phase, the dimensions of the crystallite bed, the
adsorption isotherms, etc. In the present work we assume that the bed consists of a large number
of very thin layers of solid perpendicular to the direction of propagation of the gas.

As an application of the theoretical results we present the results of a study dealing with
the penetration of a gas (benzene) in a zeolite catalyst (ZSMS5) bed using the technique described
in [20]. The proposed experimental method relies on the vertical displacement, step by step, of
the bed during the adsorption of the gas, the NMR detection using a very thin coil. In this way,
the region effectively probed is limited to a very thin slice. Thus we can obtain the variation as a
function of time of the concentration of gas absorbed at the level of each slice.
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This dual approach enables us for the first time to determine the diffusion coefficient
profiles at every position in the bed.

Experiments

NMR apparatus.
Our aim is to determine the evolution of the NMR spectrum along the length of a
heterogeneous sample in the z direction of the magnetic field By. This original method of

imaging has been presented in ref. 20.

The idea is to select successively several sections at different positions of the sample
along the z axis (Fig. 1). In this way one obtains for each position a spectrum corresponding to
the composition of the sample at this point, which proves to be very interesting in the case of
heterogeneous samples, and especially for the diffusion of gas before adsorption equilibrium. In
order to perform these experiments a device was designed to displace the sample in the magnet
Although this device allows sample displacements as low as 1 um, in a classical experiment one
uses more reasonably a 50 or 100 um step, i.e. a value considerably less than that of the section
chosen, which is generally between 0.5 and 2 mm. The spectrum obtained corresponds therefore
to the overlapping of 10 to 20 elementary sections (by elementary section we mean a section of
thickness equal to the step). To treat this problem an algorithm has been developed [20] which is
designed to reconstruct the spectrum corresponding to each elementary section from the spectra
measured for all the sample positions.

After testing this method with the help of different samples, including the study of
solvent penetration into multilayer polymeric materials [20], we have applied it to the kinetics of

the adsorption of gaseous benzene in a zeolite.
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displacement
Fig. 1: Principle of experiment
Blue: sample; Red: zone of excitation = z
== Excitation
profile
B,
o/

© 2007, M. Petryk, S. Leclerc, D. Canet, J. Fraissard
Diffusion Fundamentals 4 (2007) 11.1 - 11.23 2



Adsorption measurement
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Fig. 2: Experimental set-up

The gas to be adsorbed is in equilibrium with the liquid, in the upper part of the ampule.
(Fig. 2). It begins to diffuse into the zeolite bed when the wall separating the two parts is broken
by means of the glass hammer. In accordance with the principle mentioned above, the zeolite
sample is displaced vertically in the magnet during the adsorption, a few microns at a time. The
signal of the gas is detected for each position, rapidly so as to obtain the best possible precision.
When the sample reaches the uppermost or lowest position it starts again in the opposite
direction, and continues in this way until adsorption equilibrium is reached. By this means one

obtains a curve of gas adsorption as a function of time for each level in the adsorbent.

In the present case we have studied the adsorption of benzene at 25°C in a 15 mm-deep
bed of ZSMS5 zeolite. In the upper part of the ampule the vapor pressure of benzene corresponds

to the saturation vapor pressure in equilibrium with the liquid at 25°C.

Mathematical modeling

The model developed here is analogous to the bipore model developed in references [2-
12, 15-19, 21,22] . A cylindrical bed of microporous zeolite crystallites, assumed to be spherical
(radius R), is exposed to a constant concentration of adsorbate in the gas phase (Fig. 2 and 3).
One face of this bed is permeable to the gas. In this case one can consider that gas diffusion is
linear in the macropores (z direction along the height, 1, of the bed) and radial in the micropores.
We assume that the zeolite bed consists of a large number, n, of very thin layers of solid, of
thickness Alx = li11-lx, perpendicular to the propagation of the gas in the z direction. We have

made the following assumptions: i) during the evolution of the system towards equilibrium there
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has to be a concentration gradient in the macropores and/or in the micropores; ii) the effect of
heat is negligible; iii) diffusion occurs in the Henry's law region of the adsorption isotherm.

The mathematical model of gas diffusion kinetics in the zeolite bed (which we consider
to be a heterogeneous and multilayer porous medium) is defined by the solutions of the system

of differential equations:
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corresponding to the mass balance in the macropores (cx) and in the micropores (qx) for each k
layer. The meaning of all notations is given in the Nomenclature Section.

With the initial conditions:

Ck (t=0,z)=0, qx (tz(),r,z)z(); (3)
the boundary conditions:
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and the interface conditions between adjacent layers along the z axis:
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in Egs. (1) and (2) the problem becomes: to find the solution of the partial differential equations:
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The adsorption constant Ky of molecules (for example, hydrocarbons) in zeolites is usually very

high. Therefore €y is much smaller than (1 - giyer) K and can be neglected in the expression of

Pinter. x giving the relative amount of gas in the intercrystallite space ALy .

= Eintery k=Tn+1"

(] - ginterk ) Kk

intery

If Tk >> Tmx , [k << 1, the process in the layer ALy is controlled by intracrystallite diffusion. It
is the opposite if Tvx >> Tmx (Ix >>1). If Tk~ 1, inter- and intracrystallite diffusions should

control the overall diffusion in such a layer [9].

© 2007, M. Petryk, S. Leclerc, D. Canet, J. Fraissard
Diffusion Fundamentals 4 (2007) 11.1 - 11.23 5



Diffusion in macropores

Gas phase

3

@)
Length of the bed: 1
Characteristic position of the layer: /i, , k =1,n+1

Thickness of layer k: Aly = lys; -lx, k=1,n+1
Intercrystallite diffusion coefficient in k layer: Djuerx -
Corresponding characteristic time: Terx

In the theoretical part, | is the top of the bed and 0 is the
I bottom.

Diffusion in micropores

Crystallite diameter: R

Intracrystallite diffusion coefficient in the k layer: Dk
Corresponding characteristic time: Ziyq, &

'l In the theoretical part, r = 0 corresponds to the center of the
' sphere.

[>>R 5 Dinter,k >> Dintra,k ; k= l,l’l+1

Figure 3. The process of diffusion in the zeolite bed

Putting o, = Ny , k=1,n+ 1 into Egs. (7)-(12), the system becomes:
X

2 2
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in the domain: D, = {t >0,X €(0,1),Z € U (L. L), L,=0,L, , = ]}
k=1

with the initial conditions:
C(t=0,2)=0; N (1=0,X,Z)=0; (15)

the boundary conditions:
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and the interface conditions:

0 0 —
[Ck (t,Z)—Ck+] (t’Z)]Z:Lk :0;|:8_ch (t’Z)_£Ck+I(t’Z):| =0;k=1n (18)
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Analytical solution: concentration profiles

The analytical solutions of the problem described by Egs. (13)-(18) can be obtained using
the Laplace integral transformation and the Cauchy function methods developed in appendix.
They give the concentration profiles of the diffusant in each layer of the bed: Ci(z,Z) in the
macropores and Ox( t,X,Z) in the crystallites (micropores) situated in the bed at a height Z.

For reasons of homogeneity the numbers of the following equations correspond to those

of the equations obtained after the development in appendix 1.
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This equation corresponds to the expression of the determinant A” (S)L:_ 7 of the Laplace system

[Egs. (41) and (42) in appendix I].

do(f) : analytical expression for the calculation of the derivative of the determinant

A (s)L:_ p (according to Heavyside's theorem);

a =10, Jr(i o1 )

corresponds to Eq. (43) of appendix L.

5mj(¢k (BIL_. 0 (PL,) = —i-A, (7 ()L, 7, ($)L);m, j=1,2 -

5m(ﬂ) =—i""! 'Am ()

. k-1 . .
- ﬂz,éﬁ(ﬂ):—z -Aﬁ (S)L} , © Tecurrent structures which are

used in the calculation of the determinant A* (S)|X} 5

®r]:1j ((0k (B0, (B)Z),m, j =1,2 : recurrent functions which are combinations of
cos(p(B)L,) sin(p(B)L,) (appendix I)

Experimental Results: Benzene adsorption curves

Fig. 4 represents the variation with time of the benzene concentration for each level of the
zeolite bed. It must be noted that the z coordinate is determined relative to the bottom of the
tube. For example, z = 15 mm (dimensionless Z = 1) corresponds to the surface of the bed

directly in contact with the gas phase.
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Fig. 4. Amount (arbitrary units) of adsorbed benzene against time in each layer & of the bed, from z = 15
mm (layer in contact with the gas phase) to z=1 mm (layer near the bottom of the bed).
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The amount of adsorbed benzene at the equilibrium of adsorption is 1.25 mmol.g”, in agreement with
reference [23].

Numerical simulation and analysis
Modeling procedure

A program in the Microsoft Visual C++ environment was especially developed to provide

solutions to the following problems:

1) Inverse problem. Experimental data relative to benzene adsorption kinetics in the zeolite bed
are collected. An analytical solution is applied to these data. Based on these data and the
analytical solution, the diffusion coefficient profiles in the macropores (intercrystallite space)
Diner and in the micropores of the crystallites (intracrystallite space) D, are found by the
program. This allows us to develop a procedure to check the adequacy of the model and also
allows further modeling of concentration profiles and other parameters.

2) Direct problem. Using the diffusion coefficient profiles D;y., and D;,,,, the program can

determine the concentration distribution in the intercrystallite space C(¢,Z), in the

intracrystallite space Q(¢, X, Z) and the integral mass M (¢,7) .

Solution of the inverse problem: Calculation of the diffusion coefficients Djyr and D, 4,

Using the experimental curves of Fig. 4 and modeling absorbent concentration profiles in
macropores, C, in micropores, Q, according to Egs. (46) and (50), we compute the diffusion
coefficients profiles Dy and Diyyg.

Fig. 5 shows the computed variations of Dy, and D, versus time at four different
distances z (in mm) from the bottom of the bed: z=14; z=10; z=7; z = 3. As we can see, Dy,
and D;,,, decrease approximately exponentially with time increase, which is normal since the
crowding increases in parallel with the concentration of adsorbed molecules. D;,., decreases
from 1.4 m*/s at the beginning of adsorption to 0.001 m*/s near the equilibrium state. In the same
way, Dy decreases from 107'% to 5-10™* m%/s. These results are in good agreement with the
literature data [24, 25].

It may appear surprising that the beginning of the curve corresponding to z = 14 mm
presents a lower diffusion coefficient than the others for the same time. This is due to the fact
that there is not a perfect concordance between the moment the solid comes into contact with the
benzene and the acquisition of the first NMR signals. The first signals correspond then to the
upper layers which have already adsorbed a significant amount of gas, making thus diffusion

more difficult.
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Figure 5. Benzene diffusion coefficient profiles D, and Dy, (mz/s) against time t (min)
Curves: 1)z =14mm; 2)z =10 mm; 3)z =7 mm; 4) z =3 mm.

Solution of the direct problem: Using the values of Dy, and Dj,, (Fig. 5) we can
determine the concentration distributions in the intercrystallite space C(¢,z) (Eq. 46), in the

intracrystallite space O(¢, X, z)(Eq. 50) and the total adsorbed mass M (¢,z), for each time and

position in the bed (z) and in the crystallites (z,r).
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Fig.6. Model and experimental kinetic curves of dimensionless total adsorbed mass versus time ¢ (min)
for different values of distance (mm) from the bottom of the zeolite bed z.
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For example, Fig.6 shows the calculated and experimental kinetic curves of
dimensionless total adsorbed mass M (#,z) versus time ¢ for four positions z (mm) from the
bottom of the bed: z = 15 mm; z = 11 mm; z = 7 mm,; z = I mm. The calculated variations agree
satisfactorily with the experimental ones.

Fig.7 shows the concentration profiles of C,H, in intercrystalline space C(t,z) for four

positions z. Near the top of the bed, z=/5-13 mm (Z=1), the concentration profiles C(t,z) are
approaching to 1 according to the dimensionless boundary condition (10). This convergence is
also theoretically ensured by the methods used to determine the analytical solution of the model

(7)-(12) [26-28].

0.
H 300 E00 S00 1200 1500
time, [min]

Figure 7. Intercrystallite concentration profiles versus time t (min) for different values of
the distance z (mm) from the bottom of the bed

Fig. 8 presents the calculated profiles of C,H, concentrations in crystallites, O(¢,X,z), as a

function of dimensionless distance from the crystallite center X for different times ¢ (min) and
four distances from the bottom of the crystallite bed z (mm). The concentration gradient
0O(t, X,z) depends of course on the adsorption time but also, very much, on the position of the
crystallites in the bed as well as on the abscissa of these latter. This gradient is always greater
near the surface of the crystallites, r =R (X = 1), than at the center, r =0 (X = 0). In the same
way, the gradient increases with the depth in the bed. For instance, at distances z=1, 5 and 7 mm
the maximum of the concentration gradient is 0.21, 0.13 and 0.12 ( we remind that Q and X are
dimensionless). Near the top of the bed, z = 15 mm, the concentration gradient is roughly
negligible whatever t.
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Fig. 8. Concentration profiles, O(%,X,z), in zeolite crystallites located at different positions z (mm) in the
bed, and for different times t (min.): a) z =15 mm; b)z =7 mm; c)z =5 mm; d) z = I mm.

Conclusion

We have presented the analytical solution of the equations of gas diffusion in a zeolite
bed, assuming it to consist of a large number of very thin layers of solid, perpendicular to the
direction of propagation of the gas. The solution is based on the integral Laplace transformation
and Cauchy methods. We have applied the analytical solution to the study of benzene diffusion
in the macropores and micropores of a ZSM5 zeolite bed.

The solution of the inverse problem makes possible the calculation, from experimental
data, of the inter- and intracrystallite diffusion coefficients, Diner and Dinwa, respectively, as a
function of time and the crystallite position in the bed.

The solution of the direct problem allows the estimation of the concentration profiles,
concentration gradient profiles and other parameters inside the micro- and macropores of a
ZSMS5 bed. There is good agreement between experimental and model kinetic curves for the thin
layers at different positions of the bed.

This technique should prove to be very interesting for studying the co-diffusion of several
gases in a catalytic bed, since it should make it possible to detect the characteristic spectra of
each gas at every moment and position in the bed.
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Nomenclature

k=1,n+1 : layer number. Subscript k& will be added to all the following symbols to specify that
they are characteristic of the & layer.

¢ : adsorbate concentration in macropores.

C : adsorbate equilibrium concentration in macropores.

C = c/c, : dimensionless adsorbate concentration in macropores.

Dinter : macropore diffusion coefficient, m?/s

Dintra : micropore diffusion coefficient, m?/s

K : adsorption equilibrium constant

[ : bed length, mm.
Al =1 -1, ;k=1,n+1: layer thickness (we assume that all layers have the same thickness)

L: dimensionless bed length

M, : micropore uptake.

M, : macropore uptake.

M, : total uptake at time t.

M., : total uptake at equilibrium.

Pinter : Telative adsorbed gas in macropores in equilibrium condition.
Pintra © Telative adsorbed gas in micropores in equilibrium condition.
g : adsorbate concentration in micro- and nanopores.

g : equilibrium adsorbate concentration in micropores.

0 = g/q. : dimensionless adsorbate concentration in nanopores.

r : distance from crystallite center, mm.

R : mean crystallite radius, mm (we assume that the crystallites are spherical).
X =r/R: dimensionless distance from crystallite center.

z : distance from bottom of crystallite bed, mm.

Z = z/I : dimensionless distance from bottom of the crystallite bed.

Greek letters

Einter . Ded porosity.

Ty : diffusion time required for a molecule to penetrate the crystallite bed from top to bottom, s.

Tm : diffusion time required for a molecule to penetrate a crystallite from the external surface to
the center, s.

Tinter - time constant of diffusion in intercystallite space, s .

Tintra - time constant of diffusion in intracrystallite space, s .
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I' : dynamic parameter.
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Appendix I

Analytical solution

Applying the integral Laplace transformation to Eq. (13-18), one obtains
Eq. (22)-(29) [29]:

* * (s, X.Z)

d’c(s,z i ) ,

#ZTM s Cr+T, - %_Nk ; (22)
dz k oX s

d’°N,*(s,X,Z .

. . N n+1
in the domain: p* =4 x € (0,1).Z € U (Ly_;.Ly )ily=0:L,,, =1
k=1

with the boundary conditions:

sz =1)=126220) . 24)
s 0z
NI (s,X=1,2)=C}(s,.2); Ni(sX=0,Z)=0; (25)

and the interfaces conditions:

[CL6:2)-Ci(:2)],, =01 Zci2)-Zci(52)|  =oi=Ta 9
Z=Ly

Cr(s,Z)= Z[Ck(t,Z)] _(Cu(1,2)-exp(—st )di;
here 0

Ni(s,X,Z)= f[Nk(t,X,Z)} = ENk(t,X,Z)-exp(—st)dt,

s =0 + iw 1s a complex variable of the Laplace transformation.
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The general solution of Eq. (23) is of the form:

Ni(s,X,Z)= ak(s,Z)-ch[ /z‘m’ksX]erk(s,Z)-sh[ /z‘m,ksX] (27)

Substituting Eq. (27) into conditions (25) one obtains:

sh[ T, SX:|
Ni(s.X,Z)=C}(s.Z)- ”‘

(28)
sh [ /rm, S }
Determining the expressions:
: ] ON,(s,X,Z
Ni(s,1,7)=Cl(s,2): k(aX )} — 7, 5-Ci(5,Z)- cth[ /kas}
X=1

and substituting them into Eq. (22), the latter will become as follows:

d’Ci(s,Z .

#:75(3).@{(&2); (29)

dz

with:

7/? (S) = TM,ks +Fk (\[ Tm,ks ) CIh Tm,ks _1) = Fk (pin;é’hk Tm,ks + Tm,kS Cﬂ’l Tm’kS —1] )

k=1,n+1.30)

The general solution of Eq. (29) with the boundary conditions (24) and interface conditions (26)
is [26-28]:

C;(S,Z):A](s)-ch[}/l(s)Z]; (31)
CZ(S,Z):Ak(s)-ch[j/k(s)Z]+Bk(s)-sh[7/k(s)Z];k:2,n+1. (32)

where 4,,4,,B, are unknown constants to be found. k=2,n+1.

Symbolizing:

7Y (s)-0) = y5h(y,-0) = 07,7 (7,(5) - 0) = 7,¢h(y, - 0) =y, (33)

S () - L) = ch(y, L)V (7, (s)- L) = sh(y, L) ;

Vy (L) =7, (8) - sh(y, L)V, (7, (s)- L) =7, (s)-ch(y,L,): (34)

V2’;+l,1 (yrH—l (S)LrH—I) = Ch(j/nﬂ (S)Ln+1 )’ V2"2+1’2 (7/11+1 (S)Ln+l) = Sh(7n+1 (S)Ln+1) ; (35)
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O (s Ly Zy= V2 L yehrZ —VF (o Loyshy Zihj=1dm=d © =1
i VL 70 l) =V, Ly )chyg L =V (v, Ly )shy 251, ] =1, 25m = kel 1j=2

Using the boundary (24) and the interface (26) conditions one obtains the algebraic equation
system:

Vi (nL)- 4 =Wy (L) 4, =Wy (7.L) B, =0
V2111(71L1)'A1 _1/2121(72L1)'A2 _Vzlzz(?’le)'Bz =0
Vi (7Ly) 4+ Vi (1L,) B, =V (1L, ) 4 Vi3 (7L, ) B, =0
Vil (1L,) A + Vi (1L,) B, =V (75l ) A =V (5L, ) B, =0

Klfl (7kLk ) 4, + Vlliz (}/kLk ) B, - V;I; (7k+1Lk ) A, — ng (7k+1Lk ) B, =0
Vzkll (7kLk ) A+ Vzﬁz (VkLk ) B, - Vzgl (7k+1Lk ) A~ Vzgz (7k+1Lk ) B, =0
V11I+u (7k+1Lk+1 ) A, + V11I+1’2 (7k+1Lk+1 ) B, - Vl];—“ (7k+2Lk+1 ) Ay — V112(+1’2 (7k+2Lk+1 ) B,,,=0
VZIT—H (kaLkH ) Ak+1 + V21;+1,2 (}/k+1Lk+l ) Bk+1 - VZI;H (J/k+2Lk+1 ) Ak+2 - V21;+l,2 (}/k+2Lk+l ) Bk+2 =0

I/1’11)1 (j/nLn ) An + Vl’ll’2 (7nLn )Bn _1/1;1 (j/nHLn ) An+1 - 1/1;’2 (}/nHLn )Bn+1 = 0

I/Zriﬂl (J/nLn ) An + I/2"1,2 (7nLn )Bn - 1/1;’1 (J/nHLn ) An+1 - 1/2};,2 (7n+1Ln )Bn+1 = 0
1/2’?1’1 (j/nJranJrl ) An+1 + I/Zr;rl,z (}/nJranJrl )BnJrl = I/S

(36)

Assuming that the determinant of the coefficients of system (36),A*(s) # 0, we write the
solution in the form:

H7j+1-ch[7l(s)Z] k=1
=1
* 2 k-1 k-1 , -
Ck(S’Z): B qu+l |:®22 (7kLk—1’7kZ)'A1,2ﬁ _djlz (ykLk—l’}/kZ)-Al,Zk—l] ;k:]-’n ; (37)
s-A (s) |7
|:@2"2 (}/nJrlZ’ yn+1Ln+1) ’ Al,Tn—l - @an (%HIZ’ }/’1+1L’l+1) ' Aiyﬂq :| ’k =n+ 1
sh[ T, SX:| ] sh[ T, SX:|
N (s,X,7Z)= C*(S,Z).—*:_W* (S,Z)'—%E C(s,Z) @ (s,X), (38)
¢ ¢ Sh[JTm’ks} s sh[,/rm,ks} ¢ ¢
here:
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H}{M -ch[yl(s)Z] k=1
j=1

z k-1 e , _
W, (s,2)=— qu+1[¢22 & L7 Dy D=, (ykLk_l,ykZ)-Au,H] sk=ln . (39)
A (s) |7

[@2'2 (%HIZJ 7n+1Ln+1) ) AT,H - gllz (%HIZ’ ynHLnH) ’ Aiﬂ,1:| ’k =n+1

The calculations of determinants A*(s) of the coefficients of system (36) and determinants
A and A are shown in appendix II.

Return to the original function. According to Vasthenco-Zaharthenco’s theorem [1] and
Heavyside’s theorem [2] the original function of a Laplace transform function is:

_2 J(s) _S(s=0) = J(5)
F(r)= g s2(s) exp(st)dt = 2(520) B EI - da(s) exp(sjt), (40)
’ ds 5=5

where s, are the different positive roots of equation g(s)=0. To return from the complex

variable s to the real variable in the determinantA®(s), we write: s = — 37 or \/E =if3, where

f 1is areal variable.

A (S)L:_ﬂz =AL (YL, 7,0 ()L, Aﬁ )= Ay (7, (L, Y (S)L, 1) Aﬁ (s) s

; (41)
=" [0, (DLs0,0 (DL, 655 (D)= 60, (AIL,s0, (DL, -85 (B) | =" -5(8)
with:

5(B)= 550, (DL 0, (D)L O35 (B) =00, (D)L 0, (DL ) S5 (B): (42)
P
7). =T (%W{l—@ ﬁ-ag(@ﬂ)ﬂs%(ﬂx (from cq. (30)) 43)

A,; ()L, 7 ()L ) =1 I:Vgu (@ (BL,,)- vflz (2. (B)L) - vgl’z A Vl;ll @ (AL )} -
=i 521 (0. (DL 0. (BL);
Az ) =1 810 B 0 BIL) St (D) =@ ()L 1 0 (BIL) - S55(B) | =

i 5@ (D)
Ni )= [ 8,0 AL 9 (BIL) - S5 - 5n(@, (AL 9 (BIL) 655

IS (Brk=2,m;
AL () =V (L) = V(@ (BL) = 55 (B: AL () = V3 (1 (L) = vii (@ (B)L) = 5(B);
Vi (7 (L) = cos[ @, (BIL ] =W (@, (B)L) sV (7,()L,) = i-sin[ g, (B)L,] =i v} (9,(H)L,)

2
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Vzil(ﬂ/m(s)l‘k) =—¢m(ﬂ)'sm[%1WJLk] E‘é}(%@)%) ;

2 . k;j=1
Va, 1u(DL) =i, () cos[ g, (DL | =iV, (0, (DL );m ksl =2
According to Eq.(40), returning expression (37) to the original function gives:

o0 ] "
Gy e
=/+ i I;]Vl’k(s’z) exp(s;t)= 1- i Wc}lk('gz) exp(_lgl? -t)' (44)
=1, d : I .
s dsA (S)s=s/- ﬂ dﬁé‘(ﬂ)ﬂ:ﬂ‘

dA (S
Calculation of the derivative ( ) of the determinant (41) is shown in appendix II.

According to the above computations, Eq. (39) is transformed:

W{,,( (B.2)=
[To.9x{a?) k=1

- k-1 (45)
——ATouB| &', B, 00280~ 0 B, 0B85 | sk=in’

[d (%Jrl(ﬂ)z%ﬂ(ﬂ) +1) 1,2n— 1w) @142(¢m1(ﬂ)z’¢n+1(ﬂ)l’n+l) 1,2n- 1(ﬁ):| ;k=l’l+1

Finally, we obtain the variation against time of the intercrystallite concentration Cy(?,Z) in the k
layer at the position Z in the bed:

fll(/;ﬂ(was[m(m =]

G(t2) 1+Z@W( 7

Ty i) [0 B O 1025 0 B S5 h=ln
(B 0BGt BL) S5 BB B BZ G BL) S5t B o]

(46)
where 3, j =1,00 are roots of the transcendental equation:
Let us now write Eq. (28) in the form:
sh[ [T S X }
Ni(s,X,Z)=C/(s,Z)- : =Cy(8.2) - (s.2). (47)
sh [ T, S }

Then the expression of the Laplace original of expression (47) is conveniently computed
applying the following formula [26]:
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L [N{(s,X,Z)] =L [Ci(s,Z)]* L' [ (s, X )]. (48)
L = Laplace operator

Now we can calculate the original of expression a)k*( s, X ):

oo shyz, sX

- - h
(s, X)) = £ [Tt

X -sh 7, 5 ‘/EOXd[Sh - S] exp(sj]t). (49)
ds ke Js=s ),
Here 5. =— ” Zj 12 j, = 0,00. are the roots of the equation sh \/: =0
Ji ka »J1 9 . e .

Substituting \/; =iff ors=—f3 7 we can obtain the original:

. . .2 2
. (1,X) =2—ﬂj20j1(—1)j1 'M;)Qexp(—ﬂt);k =In+1.
-

m m,j

As the result of integration and simplification, we finally obtain at time t the diffusing gas
concentration, Qi(t,X,Z), at a distance X (from the center) in the crystallites situated in the bed at

the height Z from the bottom.

_ﬁ‘” . j]+1Sin(j17z-'X).
Q1 X 2)== £ (-1 =
110,.,(5)-coslg( B)7] #=1 1 s0)
e e | D0, (BIL 19 BZ)575( B)- _
| I=exp| 1) 1= X< 119,,(B) k=1n
(=) ;- do( ) | 2 (0,( BIL( B)Z)o54( B)
@212(¢n+](ﬁ)z’¢n+](ﬂ)l’n+1)%(ﬂ)_ P
=n
L _@Inz(¢n+1(ﬁ)ZJ¢n+1(ﬂ)Ln+1)évu?(ﬂ) ]
where £, (1) is:
1- ~(B =)t i, ]
., (1)= exza[ (B; ﬂ,,)] {Ji{_ 51)
t S Ji=J
Appendix 11
1) Calculation of the determinant A"(s):
A* (S) = A12 (7/n+1 (S)Ln b 7/;1+1 (S)LnH) ’ Aﬁ (S) - Azz (7/n+1 (S)Ln ° 7/n+1 (S)Ln+1) ’ Am (S) 5 (52)
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2) Calculation of the determinants A —, Aizﬁ:
An =T (ML) AL =V3 (ML) 5
Aﬁ = A11(7kLk—1a7kLk)'AL2ﬁ _A21(7kLk_1,7kLk)'Am;k = 2, n.

AL = Alz(VkLk_kaLk)'ALzﬁ _Azz(VkLk—v?/kLk)'Am;k =2,n.; (53)

1,2k-1

A (VL 7ily) = Vlg_u 7Ly V,]iz (7L - Vlﬁ_l’z (7L Vﬁl (rely)

Ay (VL L) =V " L) V(L) =V P (L) Vi (L )y j =12 (54)
: o dA(S) :
3) Calculation of derivative of determinant (41) :
aa(s)| ., d ~
as | 7" hos, =
G Ot BB BLs)) sl B+ (s B s B S ) 2
_| P P =/'d3(,)
P = J
——by ((%1( BIL,. @ ﬂ)l«m) 5127,1( B)—0y (§0n+1 (B)L, @ui( BIL,. ) E 5127,1( )
% » »
0 _déil (wk(ﬂ)l’k—l7¢k%l‘k)%w)+5ll (wk(ﬂ)l’k—lagokw)l‘k)d%@_
AR 5127—1 (B)= =d 5127_1 B
xp - __dé‘zl ((01{ (DL (DL, ) é‘m(ﬂ) = ((01{ (DL (D)L, ) dé‘l,zTg V)] ’
o . 45 (% BLs @ BIL) 85D +6, (0. (DL 0. (DL )dS 1 (B)~|
)= =8t (B
B | =46, (9. (ALy 10, (BL) 5 (B) =0 (2 (DL 1 9. (B)L, ) dO5 (B) :

k=2,n;

d51_,' ((Dk (AL, 0. (BL, ) = dvlkzil,l (¢k (AL, ) : Vflz ((Dk (BL, ) + ‘}11(271’1 (¢k (AL, ) ) dvflz ((ﬂk (BL, ) -
_dvlkz_l’z (@k (BL,_, ) ) Vfll (¢’k (BL, ) - Vlkz_l’2 (¢k (AL, ) ) dvﬁl (¢k (BL, ) ;

d52j ((/)k (ﬂ)Lk—l > Dy (ﬂ)Lk ) = dv;z_l’l ((pk (ﬂ)Lk—l ) ’ Vflz ((pk (IB)Lk ) + sz_l’l ((/)k (ﬂ)Lk—l ) : dvﬁz ((/)k (ﬂ)Lk ) -
_dvgl’z ((”k (AL, ) ) Vl;ll (¢k (BL, ) - ng ((”k (BL, ) ’ dv_l;ll ((”k (BL, );

%613(/3)?11-dm&sm(@(ﬂ)lﬁd%(@;
a—aﬂé%(ﬁ) =—dp () [sin(@(DL)~L - g (B)- cos(p(DL)|=dS-(B);
o 4

8" (@,(Bh) =L, -de,(B)-sin(g,(H)L,); a—aﬂvlkf (@,(DL) =L, -dp,(P)-cos(p,(PL);

© 2007, M. Petryk, S. Leclerc, D. Canet, J. Fraissard
Diffusion Fundamentals 4 (2007) 11.1 - 11.23 22



By /3 v, @, (B)L) =~de,(B)[sin(@,(B)L) - L@, (B eos(@,(B)L,)];

5 ﬂ W2 (@, (BL) =do,(B)-[cos(p,(AL) - Lo, (B)sin(e,(BL,)];

2P

e el )
o ()= 0.(8) = = (rﬂ ).

N e

D (7, (L 7, (5)Z2) =i D ((ok (DL, 0 (P)Z) .
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