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1. Introduction 
Gas diffusion in mesoporous media is often in the Knudsen regime, cross sections of the 
pores being considerably smaller than the intrinsic molecular mean free path. Coppens 
[1] predicted the effect of fractal wall roughness on Knudsen self-diffusivity KD  in a 
channel. A “trapping” process was identified as the cause of reduction of KD . 
Essentially, the trajectory of a particle consists of a sequence of chords in a hypothetical 
smooth pore, interrupted by excursions into fractal “fjords” in the actual pore wall. 
Assuming a constant velocity v , traversal of a single chord of length , drawn from a 
probability distribution 

r
( )f r , takes a flight time /f r vτ = . Subsequently the particle is 

trapped during a waiting time wτ , prior to following the next chord. Coppens predicted a 
reduction of the Knudsen diffusivity ( )( ) 1o

K K w fD D τ τ= + , giving formal 
expressions for the case of fractal wall roughness. This was quantified, both analytically 
and through kinetic Monte Carlo simulations [1][2] for pores with fractal Koch roughness 
in 2D (fractal lines) and 3D (fractal surfaces), respectively. Levitz [3] identified Knudsen 
self-diffusion in a slit pore (parallel planes) as anomalous, i.e. the mean squared 
displacement of particles has an asymptotic time dependence 2 ( ) lnt tξ ∼ t , which is 
different from normal diffusion, where 2 ( )tξ t∼ . This behaviour relates to the fact that 
the chord length distribution obeys a power law 3( ) 1/f r ∼ r , i.e. the particles perform a 
Lévy walk [4].  The 2D model belongs to the same universality class as the 3D slit pore, 
i.e. asymptotically ( )f r has the same power law behaviour. This led us to explore the 
“taxonomy” of Knudsen diffusion, addressing both geometry and reflection rules. We 
will present results as well as a discussion on the validity of our previous 2D results. 

2. Knudsen diffusion in various pore geometries 
Consider two infinite parallel lines with spacing δ , which form a 2D “billiard”. A 
particle travels at constant velocity and upon hitting a line it is reflected. The reflection 
angle θ  determines the direction of the outgoing velocity vector relative to the surface 
normal. Diffuse reflection implies that θ  is drawn from a probability distribution 

( ) cosp θ θ∼ . With / cosr δ θ=  the requirement ( ) ( )f r dr p dθ θ=  leads to a chord 
length distribution 2 2 2 1/ 2( ) 1 ( )f r r r δ∼ − , which for large r  behaves as 3( ) ~ 1/f r r . 
This is the same power law as derived for a 3D slit pore [3]. For a 3D cylindrical pore 
with radius  a chord is characterized by two angles R ( , )θ φ , where again θ  is the angle 
between the outgoing velocity and the local surface normal at the collision point, and φ  
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is the azimuthal angle. Straightforward geometry leads to 2 22 cos (1 sin cos )r R θ θ φ= − .  
Diffuse reflection implies an angular distribution ( , ) ~ cosP θ φ θ , independent of φ . We 
now need to solve  from ( )f r ( ) ( , )f r dr P dθ φ= Ω , where sind d dθ φ θΩ = . No closed 
expression was found, but an asymptotic treatment leads to . We also 
examined the effect of the reflection law 

4( ) ~ 1/f r r
( ) sinp θ θ∼ . This gives rise to  (2D 

parallel lines and 3D slit pore) and 

2( ) ~ 1/f r r
3( ) ~ 1/f r r  (3D cylindrical pore) respectively. The 

observed power laws ( ) ~ 1/f r rμ , with 2,3 and 4μ =  represent distinct instances of 
Lévy walks, with mean squared displacement 2( )tξ  proportional to ,  and 

 respectively [5]. Clearly, only the latter case represents normal diffusion. We verified 
the time dependences explicitly by Monte Carlo simulations. 

2 / lnt t lnt t
t

 

3. Discussion and Conclusions 

Figure 2  Classification of
the time dependence of the
mean squared displacement

2( )tξ< > in terms of the
exponent μ , which
governs the asymptotic
behaviour of the chord
length distribution

While our results are interesting in their own right as physical models where the more 
formal notion of Lévy walks applies, they also raise questions regarding the validity of 
results obtained by us previously for the 2D (fractally perturbed parallel line) model. This 
can be rationalized as follows. The basic notion of the model is a delay introduced by 
temporary trapping of particles upon collision with a hypothetical smooth pore wall. This 
implies that the average time to cover a displacement ξ , essentially parallel to the pore 
axis for large , increases from t (0)Tξ  to ( ) (0)1 w fT Tξ ξ , where wτ τ= + τ  and fτ  
were introduced previously. Thus, behaviour of the first passage time is the key 
prediction of the theory. Simulations were carried out by launching particles in the 
middle of the pore of length, say,  and subsequently recording the time 2L LT  required to 
reach either end. Only in the case of normal diffusion we have 2 / 2K LD L T= , so 

( ) (0)o
K K L LD D T T= . Therefore, graphs of ( )o

K KD D in [2] should be interpreted as 
those of (0)

L LT T . 
 
References 
[1] M.-O. Coppens and G. Froment, Fractals 3, 807 (1995). 
[2] K. Malek and M.-O. Coppens, Phys. Rev. Lett., 87, 125505 (2001); 

Coll. Surf. A 206, 335 (2002); J. Chem. Phys. 119, 2801 (2003). 
[3] P. Levitz, Europhys. Lett. 39, 593 (1997). 
[4] J.-P. Bouchaud and A. Georges, Phys. Rep. 195, 127 (1990). 
[5] G. Zumofen and J. Klafter, Phys. Rev. E 47, 851 (1993).  

( ) ~ 1/f r rμ . 

  

Diffusion Fundamentals 2 (2005) 14.1 - 14.2 2


	Anomalous Knudsen Diffusion in Simple Pore Models 
	A.J. Dammers and M.-O. Coppens 
	1. Introduction 
	2. Knudsen diffusion in various pore geometries 
	 
	3. Discussion and Conclusions 
	References 




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


